Abstract. We obtain multiple nontrivial solutions of Neumann p-Laplacian systems via Morse theory.
Introduction
We consider the problem: where Ω is a bounded domain in R N with C 2 -boundary ∂Ω, each p i ∈ (1, ∞),
everywhere and = 0, F ∈ C 1 (Ω×R m , R) with F ( · , 0) = 0, u = (u 1 , . . . , u m ), and ∂/∂n is the exterior normal derivative on ∂Ω. We assume that the nonlinearities F ui satisfy the subcritical growth conditions 
(Ω) be its completion with respect to the W 1,pi (Ω)-norm. By Lemma 3.1 of Barletta and Papageorgiou [1] ,
defines an equivalent norm on W
1,pi n
(Ω). We recall that a weak solution of the system (1.1) is any
(Ω), i = 1, . . . , m. They coincide with the critical points of the
and are in C 1 n (Ω)×. . .×C 1 n (Ω) by nonlinear regularity theory. The purpose of this paper is to obtain multiple nontrivial weak solutions using Morse theory. We refer to Barletta and Papageorgiou [1] , Filippakis, Gasiński, and Papageorgiou [3] , Marano and Motreanu [5] , Motreanu and Papageorgiou [6] , Ricceri [8] , and Wu and Tan [9] for related multiplicity results on Neumann p-Laplacian problems and to the monograph of Perera, Agarwal, and O'Regan [7] for some recent developments in quasilinear problems via Morse theory.
We assume that u = 0 is a solution of (1.1) and the behavior of F near zero is given by
weight function, and G is a higher-order term:
has nondecreasing (resp. nonincreasing) and unbounded sequences of positive (resp. negative) variational eigenvalues (λ ± k ) when V > 0 (resp. < 0) on sets of positive measure (see Section 2). When V ≤ 0 (resp. ≥ 0) almost everywhere we set λ ± 1 = ±∞ for convenience. We also assume that
Our main result is
for some k ≥ 1, then (1.1) has at least two nontrivial solutions.
Let Φ be a C 1 -functional defined on a real Banach space W . We recall that in Morse theory the local behavior of Φ near an isolated critical point u 0 is described by the sequence of critical groups
where c = Φ(u 0 ) is the corresponding critical value, Φ c is the sublevel set {u ∈ W : Φ(u) ≤ c}, U is a neighbourhood of u 0 containing no other critical points, and H denotes Alexander-Spanier cohomology with Z 2 -coefficients (see e.g. Chang [2] ). We also recall that Φ satisfies the Palais-Smale compactness condition (PS) if every sequence (u
called a (PS) sequence, has a convergent subsequence. We will prove Theorem 1.1 using the following "three critical points theorem" of Liu [4] .
Assume that Φ is bounded from below and satisfies (PS). If zero is an isolated critical point of Φ and C k (Φ, 0) = 0 for some k ≥ 1, then Φ has at least two nontrivial critical points.
We will show that C k (Φ, 0) = 0 under the hypotheses of Theorem 1.1 using some recent results of Perera, Agarwal, and O'Regan [7] on nontrivial critical groups in nonlinear eigenvalue problems and related perturbed systems, which we will recall in the next section.
Preliminaries
For i = 1, . . . , m, let (W i , · i ) be a real reflexive Banach space with the dual (W * i , · * i ) and the duality pairing · , · i . Then their product
with the pairing
and the dual norm
Consider the system of operator equations
in W * , where p = (p 1 , . . . , p m ) with each p i ∈ (1, ∞),
(A i2 ) uniformly positive if there exists c i > 0 such that
and F ∈ C 1 (W, R) with F = (F u1 , . . . , F um ): W → W * compact and F (0) = 0.
Proposition 2.1 [7, Proposition 10.0.5]). If each W i is uniformly convex and
for some r i > 0, then (A 4 ) holds.
By Proposition 1.0.2 of [7] , A p is also a potential operator and the potential I p of A p satisfying I p (0) = 0 is given by
Now the solutions of the system (2.1) coincide with the critical points of the
Proposition 2.2 ([7, Lemma 3.1.3]). Every bounded (PS)
sequence of Φ has a convergent subsequence.
Unlike in the scalar case, here the functional I p is not homogeneous except when p 1 = . . . = p m . However, I p still has the following weaker property. Define a continuous flow on W by
). This suggests that the appropriate class of eigenvalue problems to study for the operator A p are of the form
where the functional J ∈ C 1 (W, R) satisfies
and J is compact. Taking α = 0 shows that J(0) = 0, and taking α = −1 shows that J is even, so J is odd, in particular, J (0) = 0. Moreover, if u is an eigenvector associated with λ, then so is u α for any α = 0 (see [7, Proposition 10. 
define nondecreasing (resp. nonincreasing) sequences of positive (resp. negative) eigenvalues of (2.2) that are unbounded when i(M ± ) = ∞ (see Theorems 10.1.8
and 10.1.9 of [7] ). When i(M ± ) = 0 we set λ ± 1 = ±∞ for convenience. Returning to (2.1), suppose that u = 0 is a solution and the asymptotic behavior of F near zero is given by
3), J and F are compact, (2.4) holds, and zero is an isolated critical point of Φ.
3. Proof of Theorem 1.1
First we verify that our problem fits into the operator setting of Section 2.
and
, and (A i3 ) holds with
By the Hölder inequalities for integrals and sums,
so (A 4 ) follows from Proposition 2.1. By the growth condition (1.2),
(Ω) is compact, the compactness of F follows. We have 
